Recently, a generalized relativistic phase shift model was proposed (Fedorovet al 2013 Phys. Rev. B 88 085116) for the description of the skew-scattering contribution to the spin Hall effect caused by impurities. Here, we inspect this model by means of a systematic comparison with the results of first-principles calculations performed for several metallic host systems with different substitutional impurities. It is found that for its proper application, the differences between impurity and host phase shifts should be used as input parameters. Generally, the model provides good qualitative agreement with ab initio results for hosts with a free-electron-like Fermi surface and a relatively weak spin-orbit coupling, but fails otherwise.
Introduction
The concept of phase shifts plays an important role in scattering theory since it provides a simple and transparent qualitative picture of the underlying microscopic processes. Various phase shift approaches have been widely used as an alternative to rigorous but demanding ab initio calculations. For instance, this is the case for the famous d resonance model introduced by Friedel [1, 2] which was successfully applied to describe the residual resistivity of noble metals with transition metal impurities [3] [4] [5] . Another formalism based on phase shifts was employed by Gaspari and Györffy to study electron-phonon interaction [6] . An expression in terms of these quantities has also been proposed [7] and implemented for the calculation of the spin-flip scattering cross-section and the spin relaxation time [8, 9] . A resonant scattering model based on the phase shift concept was developed for theoretical studies of the anomalous Hall effect (AHE) and the spin Hall effect (SHE) caused by the skew-scattering mechanism [10, 11] . Recently, a renewed interest in this model was initiated by Fert and Levy [12] who used it for the description of the SHE in a Cu host with 5d impurities. They considered, in addition to the skew scattering, also the side-jump contribution to the SHE, on the basis of the formalism developed originally for the AHE [13] . Expressed initially for resonant d scatterers in terms of nonrelativistic phase shifts with a perturbative treatment of the spin-orbit coupling (SOC) [11, 12] , their model was reformulated later for strong p scatterers using relativistic phase shifts and applied to the Cu(Bi) dilute alloy [14] . A similar idea was used by Guo et al [15] to describe the SHE caused by Pt and Fe impurities in gold in terms of relativistic phase shifts, taking into account the strong d character of these scatterers.
In dilute metal alloys the extrinsic contribution to the SHE caused by the skew-scattering mechanism is dominating [12, 16, 17] . The corresponding models [12, 14] are based on the same semiclassical approach as ab initio calculations employing the Boltzmann equation [18] . Therefore, assumed to work properly, these models should provide a description of the phenomenon with comparable accuracy to firstprinciples calculations but with less computational effort. Indeed, in [19] it was shown that for the Cu(Bi) alloy the results from the p resonance scattering model [14] agree well with ab initio results. However, for 5d impurities in copper the d resonance scattering model of [12] needs to be extended in order to have a comparable quality [20] . An extension of the relativistic and nonrelativistic resonance scattering model was provided recently [19, 20] . Here, we present a test of the generalized relativistic phase shift model [19] by comparison of its results for various host/impurity systems with those obtained by first-principles calculations using the Boltzmann equation [18] . Since this semiclassical ab initio approach was shown to provide good agreement to the method based on the Kubo-Středa formula [16, 19, 20] , we are going to use it as reference.
For a faithful comparison with first-principles results it is worth mentioning the assumptions made in the phase shift approach considered. In particular, the model formalism is derived within the spherical band approximation as regards free electrons, which are described via plane waves scattered at an impurity atom in free space. However, the influence of a real host is implicitly taken into account in the impurity phase shifts used as input parameters for the model. They are calculated with a self-consistent potential obtained for an impurity embedded in the bulk crystal considered, encoding some of its properties. Moreover, an effect of the host electronic structure can be taken into account additionally by considering the difference of impurity and host phase shifts. These model features together with its further approximations, related to a restricted treatment of the vertex corrections and neglecting the spin-flip scattering, will be discussed in detail below.
Theory
Within the semiclassical approach, the conductivity tensor is given by [21, 22] 
Here, v k is the group velocity of an electron state described using the shorthand notation k = {k, n} where k and n are the crystal momentum and the band index, respectively. The mean free path can be obtained from the linearized Boltzmann equation [20, 22] 
The microscopic transition probability P k ′ ←k describes the rate of scattering from an initial state k into a final state k ′ , providing the corresponding momentum relaxation time
In equation (2), in k denotes the scattering-in term, which corresponds to the vertex corrections of the Kubo theory in the dilute limit of impurity concentrations [23] and which is responsible for the skew-scattering mechanism [12, 16, 18, 24] considered here. This term can be expanded in a series providing the mean free path as
which will be helpful for further discussion. In order to describe the SHE, let us assume that an external electric field is applied along the x direction. Then, employing the two-current model, one can write the charge and spin current as [19] 
and
respectively. Here, '+' and '−' denote two relativistic spin channels separated according to their spin polarization along the quantization axis, which is chosen in the z direction. In what follows, we restrict our consideration to nonmagnetic crystals with inversion symmetry. For such systems a choice of the two spin states present at each k point [25] is provided by an appropriate gauge transformation [26, 27] . From the symmetry point of view, the relations σ + x x = σ − x x and σ + yx = −σ − yx are valid. Therefore, the longitudinal charge conductivity σ x x and the spin Hall conductivity (SHC) σ s yx can be expressed in terms of the related components of the conductivity tensor for the '+' spin channel only.
Using equation (1) within the spherical band approxima-
, one obtains [19] 
According to the derivation presented in [19] , the charge conductivity with isotropic relaxation time approximation, k ≈ τ 0 v k , is given by
while the skew-scattering contribution to the SHC can be obtained as
where f 10 , . . . , f 32 are defined by
Here, δ l±1/2 are the phase shifts which correspond to the relativistic quantum number j = l ± 1/2 [28] . The terms f 10 and f 21 contributing to equation (9) correspond to the relativistic p resonance and d resonance scattering models [14, 15] , respectively. As was noticed already above, only the scattering-in term of the mean free path contributes to the skew scattering. However, the expression for the SHC given above is derived within the approximation [19] . Thus, σ x x and σ s yx are obtained on an equal footing since for both of them just the first term of the series expansion of equation (4) is taken into account.
The isotropic momentum relaxation time is given by [19] 
where V 0 = V /N is the unit cell volume and c i is the impurity concentration. It is important to mention that both the spinconserving and spin-flip parts of P k ′ ←k were considered in [19] to derive the expression above starting from equation (3). By contrast, the expression for σ s yx is obtained neglecting spin-flip transitions [19] . Taking into account equations (8)- (11), one can obtain the spin Hall angle (SHA)
solely expressed in terms of phase shifts. Here, we restrict our consideration to contributions of s, p, d, and f electron states, neglecting those with l > 3. An extension to higher orbital quantum numbers can be performed straightforwardly by using more general expressions [19] . For the skew-scattering mechanism considered both conductivities given by equations (8) and (9) depend inversely on the impurity concentration. Therefore, the SHA is concentration independent. The phase shifts required for calculating the conductivities and the SHA caused by substitutional impurities can be provided by different ab initio methods. In our case the relativistic Korringa-Kohn-Rostoker (KKR) Green's function method within the atomic sphere and local density approximation for the potential [29] is used to obtain the radial solutions. They are necessary for employing equation (11.61) of [28] in order to calculate the relativistic phase shifts δ j . In addition, the values of k F , required to use equations (8)- (11), are obtained via averaging the magnitude of the wavevector over the Fermi surfaces of the host crystals considered.
There are two possibilities for introducing the phase shifts needed as input in the expressions above. The first way is to use those obtained from the potential of the impurity atom embedded in a host
which corresponds to a scattering potential with the valence of the impurity atom Z imp neglecting the host electron states. This follows the assumption of the phase shift model considering the impurity in free space. This approximation was used in [12, 19, 20] . The other possibility is to use
where δ host j are the phase shifts obtained at the host atom which was substituted by the impurity. The scattering potential is now related to the valence difference Z = Z imp − Z host and accounts for the host electron states as well. Obviously, this approach provides the correct description of an ideal crystal when δ imp j = δ host j , since it causes σ x x = ∞, σ s yx = 0, and α = 0, according to equations (8)- (12) . This model fails, however, for impurity phase shifts accidentally comparable to the host phase shifts. Indeed, if we assume that δ imp j − δ host j → 0 is valid for each j, the results are similar to those for the case of an ideal crystal with σ x x → ∞ and σ s yx → 0. By contrast, corresponding first-principles calculations would still provide some finite charge and spin Hall conductivities, taking into account a nonvanishing difference of the potential between an impurity and a host atom [18] . Normally, only a few of the impurity phase shifts become close to the host ones for some special systems. In such a case the model approach based on equation (14) provides finite conductivities but with large error.
In what follows, some results of the model transport calculations will be discussed, which are obtained using both procedures. In order to prove their validity, we carry out a comparison to our first-principles calculations based on the KKR method within the semiclassical Boltzmann theory [18] .
Results
Here, we present the SHA as well as the charge and spin Hall conductivity for Cu, Ag, Pt, and Au hosts with different impurity atoms. They are obtained using equations (8)- (12) within both model approaches described by equations (13) and (14), respectively. These quantities are shown in comparison to the results of ab initio transport calculations, which were mostly published in the literature [18, 20, [30] [31] [32] . All values of the conductivities presented in this section are calculated for the impurity concentration 1 at.%. In addition, the Fermi surfaces of the bulk crystals considered are shown in order to explain the host dependence of the results obtained.
The Cu host
The SHA for copper doped with different impurities is shown in figure 1 . Generally, the relativistic phase shift model (RPSM) provides qualitatively good agreement with the ab initio results for the alloys considered. This is due to the fact that the Fermi surface of copper, shown in the right panel of figure 1 , has a nearly spherical shape. Deviations from a sphere occur just near to the boundaries of the Brillouin zone. Consequently, the spherical band approximation is well applicable for a qualitative description of the Cu-based dilute alloys. However, even for this host the results obtained using the model show deviations from the ab initio values of more than 50% on average. Therefore, we can conclude that the RPSM cannot be considered as an alternative to the first-principles approach with respect to a quantitative description of the SHE.
The corresponding spin Hall conductivity σ s yx and the charge conductivity σ x x are shown in the left and right panels of figure 2, respectively. The RPSM provides a reasonable trend in agreement with the first-principles results but shows significant quantitative differences. The deviations for the conductivities are larger than for the SHA. This means that we have error cancellation in the SHA with respect to σ s yx and σ x x (12). This is most visible for the model approach based on equation (13) and represented in the figures by the blue dotted curves. Therefore, for use of the RPSM it is more reasonable to consider the SHA rather than the conductivities themselves. Considering the figures presented, one can see that the two model approaches described by equations (13) and (14), respectively, provide comparable agreement with ab initio calculations. Thus, the information about the electronic structure of a Cu crystal, partly provided by δ host j , is not crucial for a proper description of the transport properties of the alloys considered. This reflects the fact that copper is a relatively light host. Figure 3 shows the SHA obtained for several impurities in Ag. The RPSM again provides the same trend as for the ab initio results. It is due to the Fermi surface of silver, shown in the right panel of figure 3 , which is similar to that of copper. This explains the good qualitative agreement observed, especially for the relatively heavy impurities. Strong deviations for B, C, and N impurities are caused by the contribution of σ s yx to the SHA, as confirmed by figure 4 where the charge and spin Hall conductivity are shown. Indeed, the SHC is practically vanishing for these systems within the RPSM. Actually, a similar situation was seen in figure 2 for B and N impurities in a Cu host. This is caused by the fact that the first-principles results are provided rather by the SOC of the host than that of such very light impurities, while the role of the impurities is just to provide the mechanism for electron scattering. A stronger SOC of the Ag host in comparison to Cu causes larger deviations between the model and ab initio results for these impurities, if one compares figures 1 and 3. By contrast, the situations with heavier impurities are comparable for the two hosts.
The Ag host
Like for the Cu-based alloys, the conductivities obtained by the RPSM for a Ag host show a good qualitative agreement with ab initio results, but this is, however, worse in comparison to the situation with the SHA.
The Pt host
The SHA for different impurities in platinum is shown in figure 5 . One can see that the deviations of the values obtained with the RPSM from the first-principles results are significantly increased in comparison to those for Cu and Ag hosts. Moreover, a certain correlation between the model and ab initio results for α is mostly provided by the behaviour of the charge conductivity (the right panel of figure 6 ), while the SHC (the left panel of figure 6 ) differs drastically.
The deviations arise for two reasons. On the one hand, Pt has a highly anisotropic Fermi surface, shown in the right panel of figure 5 , which destroys the validity of the spherical band approximation. On the other hand, platinum is known as a host with a very strong SOC. However, the model considered does not properly take into account all effects provided by the host SOC. Consequently, the RPSM results differ more strongly from the ab initio calculations for the SHC, where the relativistic effects are of crucial importance, than for the charge conductivity, where the deviations are mainly caused by the Fermi surface anisotropy. Figure 7 shows the SHA obtained for several impurities in an Au host. In the preceding subsection we discussed that the significant disagreement of the RPSM with the first-principles calculations present in the case of platinum is caused by both the strong anisotropy of the related Fermi surface and the strong host SOC. In order to show the influence of the SOC separately, we consider gold as a host crystal here.
The Au host
As shown in the right panel of figure 7 , the Fermi surface of Au is similar to those of Cu and Ag. In this respect, the spherical band approximation should be well applicable for gold. However, the values of the SHA obtained with the RPSM show quite strong deviations from the ab initio results. Generally, these deviations are stronger for lighter impurity atoms. This again indicates the importance of the host SOC, which is not properly taken into account in the RPSM. Indeed, the largest deviations in the SHA of figure 7 occur for B, C, and N impurities caused by the behaviour of the SHC, shown in the left panel of figure 8 . The situation with these impurities is similar to those for Cu and Ag hosts. However, now the deviations are significantly larger, which is caused by the SOC strength in gold [29] . Left: the skew-scattering contribution to the spin Hall angle α for various impurities in Au is shown for the ab initio calculations and two model calculations including either the impurity phase shifts δ imp or the difference δ imp − δ host . Right: the Fermi surface of Au in the first Brillouin zone.
The influence of the vertex corrections
One of the reasons for strong deviations of the quantities considered obtained with the RPSM from the first-principles results is caused by the restricted treatment of the scattering-in term, which was discussed in detail above. By contrast, the ab initio transport calculations used for comparison were performed via a complete solution of the integral equation (2), which was realized applying an iterative scheme [22] proposed originally by Coleridge [33] . However, this iterative procedure (13) and (14) . allows one to use approximations similar to those adopted in the RPSM within our first-principles calculations. For this purpose, we stop after the first iteration, obtaining
yx and σ x x , respectively. In what follows, such a restricted approach will be called the approximated ab initio calculations. This enables us to demonstrate the influence of the corresponding approximation performed in the model in comparison to the full first-principles approach.
Good examples for the discussion of the impact of the vertex corrections are provided by Zn impurities in noble metals. Table 1 shows the SHA as well as the charge and spin Hall conductivity obtained for such systems by means of the full ab initio calculations, the approximated ab initio calculations and the two model approaches. First of all, one can see that the model approach based on equation (14) provides the correct sign for the effect, while with the impurity phase shifts themselves, the model mostly fails. Therefore, for the further discussion we restrict our consideration to the RPSM using δ imp − δ host . Obviously, for Cu and Ag hosts the RPSM has much better agreement to the approximated first-principles computational scheme with respect to the charge and spin Hall conductivity. Thus, for these systems the vertex corrections have a significant influence on the results. Actually, the conductivities for the Au(Zn) alloy obtained within the approximated ab initio scheme also become closer to the corresponding model values. However, this is not the case for the corresponding SHA and a similar situation arises for the Cu(Zn) alloy. This is an additional illustration of the partial compensation of errors in σ x x and σ s yx when one is concerned with their ratio. Finally, we can conclude that in the case of the Pt(Zn) alloy, the influence of the vertex corrections is almost negligible.
Impurities isovalent to host atoms
A special situation occurs when substitutional impurities are isovalent to host atoms. In such cases the RPSM fails quite often, as demonstrated by figures 9 and 10 where the SHA and the conductivities obtained for a few isovalent host/impurity systems are shown. (13) and (14) . The reason for the strong deviations between the results from the model approach based on equation (14) and firstprinciples results presented in these figures was discussed already in section 2. Namely, some of the phase shifts of host atoms and impurities isovalent to them often become very similar, which causes large errors in the corresponding model calculations. The approach based on equation (13) does not improve the situation. The difference in scattering properties between impurities and host atoms, correctly taken into account in ab initio calculations by consideration of the potential perturbation, is also insufficiently described by this model scheme. Therefore, application of the RPSM to isovalent host/impurity systems is questionable.
The influence of the spin-flip scattering
The first-principles results, which were used for comparison above, are obtained including spin-flip scattering [18] . By contrast, for the derivation of the SHC given by equation (9) they were neglected. This could be an additional source of deviations between the model and ab initio results. As known from the literature [18] , the influence of the spinflip scattering is often negligible for the skew-scattering mechanism. However, comparably heavy impurities can cause remarkable effects, as was found for the Cu(Pt) alloy [18] . Table 2 shows the SHA, the SHC, and the charge conductivity for a copper crystal with Pt, Au, and Bi impurities, all much heavier than the host atoms. The results are obtained within our first-principles calculations by either including or neglecting spin-flip scattering. One can see that this has the most pronounced effect on the Cu(Au) alloy, where even σ x x is changed significantly. For this system α is increased by 30% neglecting the spin-flip processes, while for the Cu(Pt) and Cu(Bi) alloys the corresponding enhancement is 10% and 4%, respectively. Although this represents a remarkable influence, it cannot account for the differences between the complete ab initio and the model results, which are also shown in Table 2 for comparison. Of course, the results from the RPSM for the Cu(Au) alloy cannot be considered seriously because of the arguments given for isovalent dilute alloys in section 3.6.
Summary
We have examined the relativistic phase shift model for the description of the spin Hall effect in dilute metal alloys. It is shown that this model provides reasonable qualitative trends for hosts with free-electron-like character and a relatively weak spin-orbit coupling like Cu and Ag. By contrast, hosts with complex Fermi surfaces and/or a strong spin-orbit coupling like Pt and Au cause mostly large deviations between the results obtained with the phase shift model and those from firstprinciples calculations. As a possible source of the deviations, the influence of the vertex corrections is discussed. It is also shown that the model typically fails for impurities isovalent to the host atoms. On the basis of the numerous results, the approach employing the difference between impurity and host phase shifts is clearly favourable but cannot be considered as an alternative to first-principles calculations. However, the advantage of the phase shift model is the opportunity of obtaining an insight into the underlying microscopic processes of the spin Hall effect.
